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Abstract
We define the bounded coarse structure attached to a family of pseudometrics and
give some counterexamples to conjectures that arise naturally.
1 Introduction
We define the bounded coarse structure attached to a family of pseudometrics of a space,
generalizating the one attached to a single metric. We do it in the same way as it is done
in [1] for the C0 coarse structure (defined originally by Wright for a single metric in [2, 3]).
Moreover, we give some counterexamples of conjectures which arise naturally.
They are some of the conclusions of a coarse geometry’s seminar with Jerzy Dydak,
Manuel Alonso Morón, and Jesús P. Moreno-Damas in the Dept. of Geometría y Topología
of Universidad Complutense de Madrid.
2 Preliminaries
A pseudometric on a set is a map d : X × X → [0,∞) such that d(x, x) = for every x,
d(x, y) = d(y, x) for every x, y and d(x, z) ≤ d(x, y) + d(y, z) for every x, y, z. If moreover
d(x, y) = 0 implies x = y for every x, y, then dis a metric.
3 The bounded coarse structure attached to a family of
pseudometrics
If {Ei}i∈I is a family of coarse structures over X, then
⋂
i∈I Ei is a coarse structure.
If particular, if D is a family of pseudometrics of X and Eb(di) is the bounded coarse
structure of each one, then⋂
d∈D
Eb(d) = {E ⊂ X ×X : ∀d ∈ D∃Rd > 0 such that d(x, y) ≤ Rd∀(x, y) ∈ E} (1)
is a coarse structure.
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Definition 1. Let D a family of pseudometrics of X. The bounded coarse structure
attached to D, denoted by Eb(D) is the one defined in (1).
Remark 2. Let X be a set, let D be a family of pseudometrics of X. Consider the metric
on X:
ρ(x, y) =
{
0 if x = y
1 if x 6= y
and let D′ = {d + ρ : d ∈ D}.
Then, D′ is a family of metrics of X such that Eb(D) = Eb(D′).
The first natural question is if the bounded coarse structure attached to a family of
pseudometrics is more general than the one attached to one metric. Example 5 will show
that, in general, it doesn’t happen.
Definition 3. Let (X, E) be a coarse space and let {Eλ} ⊂ E . We say that {Eλ} generes
strongly E if for every E ∈ E , there exists λ ∈ Λ such that E ⊂ Eλ.
Example 4. Let (X, d) be a pseudometric space and let, for every n ∈ N:
En = {(x, y) : d(x, y) ≤ n}
Then, {En}∞n=1 generes strongly (X, d).
Example 5. For each n ∈ N, consider in RN the pseudometric dn(x, y) = |xn − yn|. Let
D = {dn : n ∈ N}. From the definition, we get that E ∈ Eb(D) if and only if there are
{Rn}n∈N such that |xn − yn| ≤ Rn for every (x, y) ∈ E and every n ∈ N.
There is not a pseudometric d on RN such that Eb(D) = Eb(d). Suppose, on the contrary,
there is one. Then, by Example 4, there exists {En}∞n=1 ⊂ Eb(D) which generes strongly
Eb(D).
For each n, En ∈ Eb(D). Let Rn be such that |xi − yi| < Rn for every (x, y) ∈ En.
Consider the set E =
{
(x, y) ∈ RN : |xn − yn| ≤ 2Rn∀n ∈ N
}
. Let x = (0)n∈N and
y = (2Rn)n∈N. Clearly, (x, y) ∈ E, but, for every n ∈ N, (x, y) 6∈ En. Then, E 6⊂ En for
every n and {En}n∈N for every n ∈ N.
But in Example 5, in general the controlled sets are not proper, as they use to be in
the usual examples of bounded coarse structures attached to metric spaces, like the one
attached to a finite generated group, for example Z of Z2. What happen if the coarse space
Eb(D) is proper? We put the question in the following terms:
Conjecture 6. Suppose that D is a family of pseudometrics of X such that the topology
induced by D is locally compact and the coarse structure Eb(D) induced by D is proper.
Then, (X, Eb(D)) is coarsely metrizable, i. e, there exists d such that Eb(D) = Eb(d).
The following counterexample will show that this conjecture is not true:
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Example 7. Consider on N×N the maps:
f0 : N×N→ N, f0(a, b) = 2a
∀n ∈ N, fn : N×N→ N, fn(a, b) =
{
b if a = n
0 if a 6= n
and, for each n ∈ N ∪ {0}, let dn be the metric such that dn(x, y) = |fn(x)− fn(y)|.
Let E = Eb({dn}∞n=0). Let us see that E is a proper coarse structure such that there is
no pseudometric d of X with E = Eb(d).
Let M ∈ N and let {Rn}∞n=1 ⊂ R+. Let EM,{Rn}∞n=1 be the set of those ((a, b), (a′, b′)) ∈
(N×N)× (N×N) satisfying any of this properties:
• a, b, a′, b′ ≤M
• a = a′ and |b− b′| ≤ Ra
Let us see first that
{EM,{Rn}∞n=1 : M ∈ N, Rn ∈ R+∀n ∈ N}
generes strongly E .
Fix M ∈ N and {Rn}∞n=1 ⊂ R+. Let R′0 = 2M+1 and R′n = Rn + 2M for every n ∈ N.
Let ((a, b), (a′, b′)) ∈ EM,{Rn}∞n=1 . Suppose that a = a′ and |b− b′| ≤ Rn. Clearly,
da((a, b), (a
′, b′)) = |b− b′| ≤ Ra ≤ R′a
d0((a, b), (a
′, b′)) = |2a − 2a| = 0 < R′0
dn((a, b), (a
′, b′)) = |0− 0| = 0 < Rn∀n ∈ N\{a}
Suppose now that a, a′, b, b′ ≤M . Then,
d0((a, b), (a
′, b′)) = |2a − 2a′| ≤ 2a + 2a′ ≤ 2M + 2M = R0
dn((a, b), (a
′, b′)) = |0− 0| = 0 ∀n ∈ N\{a, a′}
If a = a′, then:
da((a, b), (a
′, b′)) = |b− b′| ≤ b+ b′ = 2M ≤ R′a
And, if a 6= a′, then:
da((a, b), (a
′, b′)) = |b− 0| = b ≤M ≤ R′a
da′((a, b), (a
′, b′)) = |0− b′| = b′ ≤M ≤ R′a′
Then, EM,{Rn}∞n=1 ∈ E
Suppose now that E ∈ E . Let {Rn}∞n=0 ⊂ R+ such that dn((a, b), (a′, b′)) ≤ Rn for
every ((a, b), (a′, b′)) ∈ E and every n ∈ N ∪ {0}. Let M0 ∈ N be such that M0 ≥ R0 and
let M ∈ N be such that M ≥M0 and M ≥ Rn for every n ≤M0. Let ((a, b), (a′, b′)) ∈ E.
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If a = a′, then |b− b′| = |fa(a, b)− fa(a′, b′)| ≤ Ra and ((a, b), (a′, b′)) ∈ EM,{Rn}∞n=1 .
Suppose now that a 6= a′. If a > a′, then d0((a, b), (a′, b′)) = |2a − 2a′ | ≥ |2a − 2a−1| =
2a−1 ≥ a > a′. By symmetry, if a < a′, then d0((a, b), (a′, b′)) ≥ a′ > a. Hence:
a, a′ ≤ d0((a, b), (a′, b′)) ≤ R0 ≤M0 ≤M
Since a, a′ ≤M0, we have:
M ≥ Ra ≥ da((a, b), (a′, b′)) = |fa(a, b)− fa(a′, b′)| = |b− 0| = b
M ≥ Ra′ ≥ da′((a, b), (a′, b′)) = |fa′(a, b)− fa′(a′, b′)| = |0− b′| = b′
Then, a, a′, b, b′ ≤M and ((a, b), (a′, b′)) ∈ EM,{Rn}∞n=1 . Thus, E ⊂ EM,{Rn}∞n=1 .
Let us see that E is a proper coarse structure. Obviously, the diagonal is an open
neighborhood of the diagonal. Let E ∈ E be symmetric. To see that E is proper, it is
enough to see that E(a′,b′) is finite for every (a′, b′) ∈ N×N.
Let M ∈ N and {Rn}∞n=0 such that E ⊂ EM,{Rn}∞n=1 . Let (a, b) ∈ E(a′,b′). Then,
((a, b), (a′, b′)) ∈ EM,{Rn}∞n=1 . If a, a′, b, b′ ≤ M , then (a, b) ∈ {(x, y) : x, y ≤ M}. If a = a′
and |b− b′| ≤ Ra′ , then (a, b) ∈ {(x, y) : x = a′, b′ −Ra′ ≤ x ≤ b′ −Ra′}, Then,
E(a′,b′) ⊂ {(x, y) : x, y ≤M} ∪ {(x, y) : x = a′, b′ −Ra′ ≤ x ≤ b′ −Ra′}
which is finite. Then, E is proper and E is proper.
Suppose that d is a pseudometric on X such that E = Eb(d). Then, by Example 4,
there is {Em}m∈N ⊂ E generating strongly E .
For every m, let Mm ∈ N and {Rmn }∞n=1 be such that Em ⊂ EMm,{Rmn }∞n=1 .
For every n ∈ N, let Rn = Rnn + 1. Let E = E1,{Rn}∞n=1 .
For every m ∈ N, consider the point xm = ((m,Rmm +Mm + 2), (m,Mm + 1)).
We have that m = m and |Rmm +Mm + 2− (Mm + 1)| = Rmm + 1 = Rm, hence xm ∈ E.
In the other hand, m,Rmm + Mm + 2,m,Mm + 1 6≤ Mm and m = m but |Rmm + Mm +
2− (Mm + 1)| = Rmm + 1 6< Rmm, hence xm 6∈ Em.
Then, E 6⊂ Em for every m and hence, there is no d such that E = Eb(d).
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